Einstein's theory of general relativity was proposed over 100 years ago and has successfully passed a large number of observational tests in the weak field regime. However, the strong field regime is largely unexplored, and there are many modified and alternative theories that have the same predictions as Einstein's gravity for weak fields and present deviations when gravity becomes strong. relxill nk is the first relativistic reflection model for probing the spacetime metric in the vicinity of astrophysical black holes and testing Einstein's gravity in the strong field regime. Here we present our current constraints on possible deviations from Einstein's gravity obtained from the black holes in 1H0707-495, Ark 564, GX 339-4, and GS 1354-645.
I. INTRODUCTION
Einstein's theory of gravity, the theory of general relativity, has undergone a variety of observational tests since it was first proposed a century ago, primarily with experiments in the Solar System and radio observations of binary pulsars [1] . While it has largely been successful, questions remain on its validity in the so called strong field regime. There are indeed many modified and alternative theories that have the same predictions as Einstein's gravity for weak fields and present deviations when gravity becomes strong. Testing strong gravity is among the priorities in contemporary physics.
Astrophysical black holes are the most extreme objects that can be found in the Universe and ideal laboratories for testing strong gravity [2] [3] [4] . In 4-dimensional Einstein's gravity, the only stationary and asymptotically flat, vacuum black hole solution, which is regular on and outside of the event horizon, is the Kerr metric [5] . Kerr black holes are relatively simple objects, and are completely described by only two parameters, the mass M and the spin angular momentum J of the black hole. This is the result of the celebrated "no-hair theorems" [6] [7] [8] .
It is remarkable that the spacetime metric around an astrophysical black hole formed from gravitational collapse should be well approximated by the stationary Kerr solution of Einstein's gravity. After the gravitational collapse of the progenitor body and the formation of the black hole, the spacetime quickly moves to the Kerr solution with the emission of gravitational waves [9, 10] ("black holes rapidly go bald"). Astrophysical bodies can have a non-vanishing electric charge. However, the equilibrium electric charge for a macroscopic black hole is very small and completely negligible for the spacetime * Talk given at the International Conference on Quantum Gravity (26) (27) (28) March 2018, Shenzhen, China) † Speaker and corresponding author: bambi@fudan.edu.cn metric [11, 12] . The presence of an accretion disk around the black hole, or of a companion star orbiting the black hole, has a very small impact on the background metric in the strong gravity regions and can be safely ignored [13, 14] . For example, the ratio between the mass of the accretion disk and the mass of the black hole in an X-ray binary system can be m/M ∼ 10 −10 . This is a small quantity that can be used as an expansion parameter to take into account the correction on the background metric and, even assuming that the mass of the accretion disk were at a point close to the black hole, the correction to the Kerr metric would be of the order of m/M . If we consider the companion star, the expansion parameter would be M c /r < 10 −6 , where M c and r are, respectively, the mass of the companion star and the distance from the companion star. Even in this case, we can expect corrections to the Kerr metric of the order of M c /r and are negligible. In the end, macroscopic deviations for the Kerr solution may be possible in the presence of new physics, such as modified classical gravity [15] , quantum gravity effects [16] [17] [18] , or exotic matter [19, 20] .
From astrophysical observations, we know two main types of astrophysical black holes. Stellar-mass black holes (M ≈ 3-100 M ) are the natural product of the gravitational collapse of heavy stars, after the latter have exhausted all their nuclear fuel [21] . Supermassive black holes (M ∼ 10 5 -10 10 M ) are found at the center of many galaxies [22] . All these objects are thought to be black holes because this is the most natural interpretation in the framework of conventional physics. For example, in the case of stellar-mass black holes in X-ray binary systems, we can get a dynamical measurement of the mass of the black hole. If the latter exceeds 3 M , which is the maximum mass for a neutron star [23, 24] , and we can exclude it is a normal star, the most natural explanation is that it is a black hole. In the case of the supermassive black hole at the center of the Galaxy, we can argue it is too massive, compact, and old to be a cluster of non-luminous bodies like neutron stars [25] .
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The non-detection of electromagnetic radiation from the putative surface of all these objects is also consistent with the conjecture that they are instead a black hole with an event horizon [26, 27] . The recent detections of gravitational waves are consistent with the signals expected from black holes in general relativity [28, 29] , even if current data cannot put strong constraints on alternative scenarios [30, 31] . Despite this body of evidence, we still do not know if the spacetime metric around these objects is described by the Kerr solution, as would be required in Einstein's gravity.
II. X-RAY REFLECTION SPECTROSCOPY
The standard approach to analyze black holes in an astrophysical setting is the disk-corona model [12, 32] , where black holes are surrounded by a geometrically thin disk and possess a "corona", as shown in Fig. 1 . In the case of a stellar-mass black hole in a binary system, the material of the disk comes from the companion star. In the case of a supermassive black hole in a galactic nucleus, the disk is created by the material of the interstellar medium around the object. The disk emits like a blackbody locally, and as a multi-temperature blackbody when integrated radially (this is known as the thermal component). The temperature of the accretion disk depends on the black hole mass, the mass accretion rate, and the radial coordinate of the emission point in the accretion disk. For a black hole accreting at about 10% of its Eddington limit, the thermal spectrum of the inner part of the accretion disk is in the soft X-ray band (0.1-1 keV) for stellar-mass black holes and in the optical/UV band (1-10 eV) for the supermassive ones. The corona is a hotter (∼ 100 keV), usually optically thin, cloud near the black hole. For instance, it may be the base of a jet or some atmosphere above the accretion disk, but the exact morphology is not well understood.
Thermal photons from the disk can gain energy via inverse Compton scattering off the hot electrons in the corona, and transform into X-rays with a characteristic power-law component. These reprocessed photons in turn illuminate the disk, producing a reflection component with fluorescent emission lines. The most prominent feature of the reflection spectrum is usually the iron Kα line, with emission lines at 6.4 keV in the case of neutral or weakly ionized iron and shifts up to 6.97 keV for H-like ions.
While the iron Kα line is a narrow line in the rest-frame of the gas, relativistic effects due to the gravity of the central black hole cause this line to be broadened and skewed for observers far away. In the presence of high quality data and with the correct astrophysical model, analysis of the reflection spectrum can be a powerful tool for probing the strong gravitational fields of accreting black holes. The method was originally proposed and developed for measuring black hole spins under the assumption that the metric around astrophysical black holes is described by the Kerr solution [33, 34] . More recently, the technique has been proposed for testing Einstein's gravity in the strong field regime [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] . Note that spin measurements (if we assume the Kerr metric) or tests of the Kerr metric require fitting the whole reflection spectrum, not just the iron line, even if often (but not always) the iron line is the feature that primarily determines the measurement of the parameters of the background metric in the strong gravity region.
III. THE RELATIVISTIC REFLECTION MODEL RELXILL NK

A. relxill
Currently, the most advanced model for the calculation of the reflection spectrum of the accretion disk around Kerr black holes is relxill [49, 50] . relxill is the result of the merger of the reflection code xillver [51, 52] with the relativistic convolution model relconv [53] . We can write relxill ∼ relconv × xillver .
xillver provides the reflection model in the rest-frame of the emitting gas at every point of the accretion disk. Compared to all earlier codes, xillver has a superior treatment of the radiative transfer and of the ionization balance, by implementing the most complete atomic database for modeling synthetic photoionized X-ray spectra. The microphysics captured by xillver is much more rigorous than for any earlier code, principally because of the detailed treatment of the K-shell atomic properties of the prominent ions. Despite that, there are still a number of limitations in this reflection model: the electron density is fixed to 10 15 cm −3 and independent of vertical height, with the exception of iron all elemental abundances are assumed to be Solar, thermal photons of the accretion disk are ignored in the radiative transfer calculations, etc.
relconv is a convolution model. It requires as input the reflection spectrum in the rest frame of the gas at every point of the accretion disk and provides as output the reflection spectrum of an accretion disk around a Kerr black hole as it would be detected by a faraway observer. The model assumes that the accretion disk is infinitesimally thin and lies on the equatorial plane, perpendicular to the black hole spin. The particles of the gas of the accretion disk are supposed to follow nearly geodesic circular orbits on the equatorial plane. With a similar set-up, relconv integrates the reflection spectrum of the disk over all radii and includes the relativistic effects in a Kerr spacetime affecting the photons propagating from the emission point on the disk to the detection point in the flat faraway region.
B. Testing the Kerr black hole hypothesis
There are two natural approaches to test the spacetime metric around astrophysical black holes. They can be called, respectively, top-down and bottom-up methods.
In the top-down approach, we want to test a specific alternative theory of gravity in which uncharged black holes are not described by the Kerr solution. In such a case, we fit the astrophysical data both with a Kerr model and with a model employing the non-Kerr spacetime of the gravity theory under investigation. Depending on the quality of the available data and of the theoretical model, we may be able to check whether the astrophysical observations prefer the Kerr metric of Einstein's gravity or the non-Kerr solution of the alternative theory. There are two problems if we follow this method. Firstly, there are a large number of alternative scenarios to Einstein's gravity, and none seems to be more motivated than the others, so we should repeat this study for every alternative theory of gravity. Secondly, typically we do not know the rotating black hole solutions in alternative theories of gravity. The problem is in solving the corresponding field equations for a stationary and axisymmetric solution. Usually, we know the non-rotating solutions or some approximated solutions in the slow rotation limit, but only in exceptional cases do we know the complete rotating solutions.
In the bottom-up approach, we employ a parametrized metric to describe the background geometry of the spacetime in the astrophysical model. Such a parametrized metric is characterized by the mass M and the spin angular momentum J of the compact object generating the gravitational field, as well as by a number of "deformation parameters". If we set all the deformation parameters to zero, we have to recover the Kerr metric of Einstein's gravity. If at least one of the deformation parameters is non-vanishing, we have deviations from the Kerr metric. The strategy is thus to fit the astrophysical data with this parametrized model and try to measure the deformation parameters. If the astrophysical data require vanishing deformation parameters, the Kerr black hole hypothesis is verified. If at least one of the deformation parameters were non-vanishing, astrophysical data would prefer a spacetime metric different from the Kerr solution. In general, the parametrized metric and its deformation parameters do not have a clear physical meaning, because the metric is not a solution of some alternative theory of gravity. Their significance instead lies in the fact that they capture deviations from a Kerr metric.
C. relxill nk
relxill nk is presently the only reflection model for testing the strong gravity region of astrophysical black holes. In the current version, relxill nk incorporates the non-Kerr metric proposed by Johannsen [55] . In Boyer-Lindquist coordinates, the line element of the Johannsen metric reads (we use units in which G N = c = 1) [55] 
where
and the four free functions f , A 1 , A 2 , and
The metric elements depend on the mass and spin of the black hole as well as on four free functions that measure potential deviations from the Kerr solution. The first order deformation parameters in these free functions are 3 , α 13 , α 22 , and α 52 . This metric exactly reduces to the Kerr solution for 3 = α 13 = α 22 = α 52 = 0. In the Kerr spacetime, the condition for the existence of an event horizon is |a * | ≤ 1, where a * = a/M = J/M 2 is the dimensionless spin parameter. For |a * | > 1, there is no horizon, and the singularity at r = 0 is naked. In the Johannsen spacetime, we still have the condition |a * | ≤ 1. Moreover, in order to exclude a violation of Lorentzian signature or the existence of closed time-like curves in the exterior region, we have to impose that the metric determinant is always negative and that g φφ is never negative for radii larger than the radius of the event horizon. These conditions lead to the following constraints on the first-order deformation parameters [55] 
In the next section, we will review the constraints on α 13 obtained so far from the analysis of X-ray data of some sources assuming that all the other deformation parameters vanish. Since the metric is singular for B = 0, we impose that B never vanishes for radii larger than the event horizon, and this implies the following constraint on α 13
In the studies reported below, we only consider the parameter space satisfying the constraint in Eq. (5), which is stronger than the requirement in Eq. (4).
IV. OBSERVATIONAL CONSTRAINTS
As of now, we have applied our relxill nk to a few sources: the supermassive black holes in 1H0707-495 [56] and in Ark 564 [57] , and the stellar-mass black holes in the X-ray binary systems GX 339-4 [58] and GS 1354-645 [59] . In what follows, we present the current constraints on the Johannsen deformation parameter α 13 assuming that all the other deformation parameters vanish. Note that we have only analyzed a few sets of data of these objects. It is likely that a more detailed analysis of all the available X-ray data of these sources can provide stronger constraints on the deformation parameter α 13 .
A. 1H0707-495
1H0707-495 is a Narrow Line Seyfert 1 galaxy. The supermassive black hole in its galactic nucleus looks to be a promising source for testing the Kerr metric using relxill nk. The spectrum of this source shows significant edge features, which are commonly interpreted as an extremely strong reflection component. Moreover, previous studies that assumed the Kerr metric and a reflection dominated spectrum found that the inner radius of the accretion disk is very close to the compact object, and this increases the relativistic effect in the reflection spectrum.
In Ref. [56] we analyzed an observation with XMMNewton of 2011 and, separately, three observations with NuSTAR (with simultaneous snapshots of Swift) of 2014. In the case of the 2011 data, we fit the data with two different models that provide equally good fits. In the first model, we employed the thermal disk model diskbb to fit the "soft excess" around 1 keV, and the complete model is tbabs × (relxill nk + diskbb) . In the second model, we employed a double reflection spectrum and the complete model is tbabs × (relxill nk + relxill nk) . With the available data, it is not possible to say which one, if any, is correct or wrong, because they both provide good fits. The resulting constraints on the spin parameter a * and the Johannsen parameter α 13 are shown in Fig. 2 . The red, green, and blue lines indicate, respectively, the 68%, 90%, and 99% confidence level curves for two relevant parameters. The grayed region is ignored because those spacetimes violate the constraint in Eq. (5) . Note that the constraints shown in Fig. 2 are slightly different from those reported in Fig. 1 in Ref. [56] , because those in Fig. 2 have been obtained with a more recent version of relxill nk and therefore they should be considered more reliable.
For the 2014 observations of NuSTAR and Swift, we can obtain a good fit already with the model tbabs × relxill nk . The constraints on a * and α 13 are shown in Fig. 3 . The red, green, and blue lines indicate, respectively, the 68%, 90%, and 99% confidence level curves for two relevant parameters and the grayed region is ignored. Even in this case, the constraints in Fig. 3 are slightly different from those reported in Fig. 2 in Ref. [56] , because they have been obtained with the latest version of relxill nk and they are thus more reliable.
B. Ark 564
Ark 564 is another Narrow Line Seyfert 1 galaxy. The spectrum is dominated by the reflection component and, previous studies that assumed the Kerr metric, found that the inner edge of the accretion disk extents to very small radii. Ark 564 was observed by Suzaku on 26-28 June 2007 for about 80 ks. In Ref. [57] , we analyzed this observation with relxill nk. The data can be fit with the following model See the text and Ref. [56] for more details. Note that the constraints reported in Ref. [56] are slightly different because that study used an earlier version of relxill nk, and therefore the constraints reported here should be more reliable. 3 . Constraints on the spin parameter a * and the Johannsen parameter α13 from the study in Ref. [56] of NuS-TAR and Swift data of 1H0707-495. The red, green, and blue lines indicate, respectively, the 68%, 90%, and 99% confidence level curves for two relevant parameters. The grayed region is ignored because those spacetimes violate the constraint in Eq. (5) . Note that the constraints reported in Ref. [56] are slightly different because that study used an earlier version of relxill nk, and therefore the constraints reported here should be more reliable.
tbabs × ( relxill nk + xillver ).
The constraints on the spin parameter a * and the Johannsen parameter α 13 are shown in Fig. 4 . The red, green, and blue lines indicate, respectively, the 68%, 90%, and 99% confidence level curves for two relevant parameters. The grayed region is ignored because those spacetimes violate the constraint in Eq. (5). Constraints on the spin parameter a * and the Johannsen parameter α13 from the study in Ref. [57] of Suzaku data of Ark 564. The red, green, and blue lines indicate, respectively, the 68%, 90%, and 99% confidence level curves for two relevant parameters. The grayed region is ignored because those spacetimes violate the constraint in Eq. (5).
C. GX 339-4
GX 339-4 is an X-ray binary with a stellar-mass black hole and a stellar companion of mass M c < 2 M [60] . It is quite an active source and typically has an outburst every 2-3 years, so there are several observations in archive. However, many observations are not suitable for our tests of the Kerr metric because the inner edge of the accretion disk is not at the innermost stable circular orbit but is truncated at some larger radius [61] .
In Ref. [58] , we analyzed a composite spectrum from the detector CPU-2 of RXTE with the highest observed luminosity in the hard state. We reached an unprece- Constraints on the spin parameter a * and the Johannsen parameter α13 from the study in Ref. [58] of RXTE data of GX 339-4. The red, green, and blue lines indicate, respectively, the 1-, 2-, and 3-σ confidence level curves for two relevant parameters after MCMC simulations. The grayed region is ignored because those spacetimes violate the constraint in Eq. (5).
dented sensitivity of ∼ 0.1% and 40 million counts to capture the faint features in the reflection spectrum. We checked that the data are consistent with the inner edge being at the innermost stable circular orbit. The final model is tbabs × gabs × ( relxill nk + xillver ).
We performed Markov Chain Monte-Carlo (MCMC) simulations and we obtained the following measurement for the black hole spin a * and the Johannsen parameter α 13 a * = 0.92
−0.12 , α 13 = −0.76
with a 90% confidence level for one relevant parameter. The 1-, 2-, and 3-σ confidence level curves for two relevant parameters are shown in Fig. 5 .
D. GS 1354-645
GS 1354-645 is an X-ray binary with a dynamically confirmed black hole of mass M ≥ 7.6 ± 0.7 M and a companion star of mass M c ≤ 1.2 M [62] . The source was discovered in its 1987 outburst by the Japanese X-ray mission Ginga [63] . In Ref. [59] , we analyzed its July 11 NuSTAR observation of 30 ks. The data can be fit with a simple reflection model tbabs × relxill nk .
The constraints on the spin parameter a * and the Johannsen parameter α 13 are shown in Fig. 6 . For a quick comparison with the constraints from the other sources, the plot has the same spin and deformation parameter range as the other plots (the interested reader can find 6 . Constraints on the spin parameter a * and the Johannsen parameter α13 from the study in Ref. [59] of NuSTAR data of GS 1354-645. The red, green, and blue lines indicate, respectively, the 68%, 90%, and 99% confidence level curves for two relevant parameters. The grayed region is ignored because those spacetimes violate the constraint in Eq. (5).
a more detailed plot of the constraints of this source in [59] ). The constraint on the deformation parameter of this source is so strong here because the data suggest that the inner edge of the accretion disk is extremely close to the compact object. However, this result should be taken with some caution, as well as those from the other sources. We are only taking into account the statistical uncertainties while there are a number of simplifications in our model that can inevitably introduce systematic errors in the final measurement. For example, the Eddington scaled luminosity of this source in the observation analyzed is L/L Edd ≤ 0.53, which is consistent with the L/L Edd = 0.05-0.20 range of validity for the standard thin disk model, but it also allows for higher and lower luminosities where our disk model would not be adequate.
V. CONCLUDING REMARKS
Einstein's theory of general relativity has been primarily tested in the weak gravitational regime, while the strong gravity regime is largely unexplored. However, there are many alternative theories of gravity that have the same predictions as Einstein's gravity in weak fields and present deviations when gravity becomes strong. The possibility of testing general relativity in the strong field regime is thus a major goal in modern physics.
Astrophysical black holes offer a quite unique possibility of testing strong gravitational fields. According to general relativity, the spacetime metric around these objects should be well approximated by the Kerr solution. In Ref. [54] , we extended the relativistic reflection model relxill to test the Kerr black hole hypothesis from the study of the reflection spectrum of thin accretion disks.
The new model is called relxill nk. As of now, we have employed relxill nk to analyze some X-ray data of the black holes in 1H0707-495, Ark 564, GX 339-4, and GS 1354-645. Current constraints on the spin parameter a * and the Johannsen deformation parameter α 13 are summarized in Figs. 2, 3, 4 , 5, and 6.
In the future, we plan to analyze the X-ray data of other sources, combine several observations of the same source to perform multi-epoch studies, improve our model relxill nk in order to reduce the uncertainties of the model, and study a variety of deformations from the Kerr background. If we are able to construct a sufficiently sophisticated model to minimize the systematic effects, the next generation of X-ray mission may start a new era of precise tests of general relativity in the strong field regime with electromagnetic radiation.
